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NEARLY CLOAKING THE ELECTROMAGNETIC FIELDS*

GANG BAOT AND HONGYU LIU#

Abstract. The approximate cloaking is investigated for time-harmonic Maxwell’s equations via
the approach of transformation optics. The problem is reduced to certain boundary effect estimates
due to an inhomogeneous electromagnetic inclusion with an asymptotically small support but an ar-
bitrary content enclosed by a thin high-conducting layer. Sharp estimates are established in terms of
the asymptotic parameter, which are independent of the material tensors of the small electromagnetic
inclusion. The result implies that the “blow-up-a-small-region” construction via the transformation
optics approach yields a near-cloak for the electromagnetic waves. A novelty lies in the fact that the
geometry of the cloaking construction of this work can be very general. Moreover, by incorporat-
ing the conducting layer developed in the present paper right between the cloaked region and the
cloaking region, arbitrary electromagnetic contents can be nearly cloaked. Our mathematical tech-
nique extends the general one developed in [H. Y. Liu and H. Sun, J. Math. Pures Appl., 99 (2013),
pp. 17-42] for nearly cloaking scalar optics. In order to investigate the approximate electromagnetic
cloaking for general geometries with arbitrary cloaked contents in the present study, new techniques
and analysis tools are developed for this more challenging vector optics case.
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1. Introduction and statement of the main result. This paper is con-
cerned with invisibility cloaking for electromagnetic (EM) waves via the approach of
transformation optics [25, 37], which is a rapidly growing scientific field with many
potential applications. We refer to [8, 16, 17, 34, 40, 42] and the references therein
for discussions of the recent progress on both the theory and experiments.

Let D and € be two bounded smooth domains in R?, and D € Q with D and Q
simply connected, and D containing the origin. Denote

D, :={px; x € D} for peRy.
Let e(z) = (¢(2))7 =1, p(@) = (W (@)} =1, and o(2) = (07(2))} =1, © € Q, be
real symmetric-matrix-valued functions, which are bounded in the sense that

3 3
(1.1) el < Y (@& < P, e <> i (@)&é < ClEP
4,J=1 ij=1
and
3 ..
(1.2) 0< > oY (@)&g < ClEP?
i,j=1
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NEARLY CLOAKING THE ELECTROMAGNETIC FIELDS 725

for all z € Q and £ = (&)?_, € R3. Here ¢ and C are two generic positive constants
whose meanings should be clear from the contexts. Physically, the functions €, u,
and o, respectively, stand for the electric permittivity, magnetic permeability, and
conductivity tensors of a regular EM medium occupying 2.

Let 0 < p < 1 be a small parameter. Assume that there exists an orientation-
preserving bi-Lipschitz mapping F, : Q\D, — Q\D, such that

(1.3) F,(Q\D,) = Q\D, F,|aq = Identity.
Set

F,(z O\D
(1.4) F(z) = wp(”")’ v €MD,

R HASS Dp.

Define an EM medium inside Q\D as
(1.5) eP(x) = Fieo(z), pl(x) = Fepo(z), of(z) =0, z¢€ Q\D,

where e = 6% and pjf = 6" with 6 the Kronecker delta function denote the EM

parameter tensors of the homogeneous free space. The push-forward in (1.5) is defined
by

DF(y) - m(y) - DF(y)"

(1.6) Fam(z) = |det(DF)(y)| y=F-1(2)

r € Q\D,

where m(y),y € Q\D,, denotes an EM parameter in Q\D,, such as ¢, u, or o, and
DF represents the Jacobian matrix of the transformation F'. Also, one may rewrite
(1.5) as

(Q\D; e, 1f) = Fu(\Dp; €0, o) = (F(Q\D,); Fieo, Fupio).

In a similar manner, one can define the push-forward of EM parameters from D, to
D by replacing Q\D, and Q\D in (1.6), respectively, by D, and D. Set

(17) (D\Bl/27 €Ly M1y Ul) =F. (Dp\ﬁp/Zv Qo€o, ﬂ0M07 ’70p725)a
where ag, By, and 7y are positive constants, and
(1.8) (D1/2§5~aa,aa75'a):F*(Dp/%faa,uaaaa)

with arbitrary but regular €., f14, and o,. Hence, we have an EM medium in {2 given
by

e, uf, ok in Q\D,
(19) Q,é,ﬂ,&: €L, 11,01 in D\Bl/Za
€as flas Ta in D1/2-

The time-harmonic EM waves propagating in (2 is governed by the following Maxwell
equations:

VAE, —iwjiH, =0
o\ ~ in Q

(1.10) ~ (. G ,
VANH,+iw E—I—Z; E,=0
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where E, € C? and H, € C? denote, respectively, the electric and magnetic fields,
and w € Ry denotes the frequency.

Introduce the boundary operator /N\p which maps the tangential component of
EP|8Q to that of .l:‘vfp|aQ, i.e.,

(1.11) A A Eploq) = v A Hyloq : THRY?(09) — THyY?(09),
where v denotes the outward unit normal vector to 912, and
THSY?(09) = {U e TH=2(8Q)| Div(U) € H*1/2(8Q)}

with Div the surface divergence operator on 092, TH*®(0f2) the subspace of all those
V € (H*(09))* which are orthogonal to v, and H*(-) the usual L?-based Sobolev
space of order s € R. Note that if I" is the smooth boundary of a bounded domain
in R?, then H*(I') and hence TH*(T') is well-defined for |s| < 2; see [20] and [27].
In (1.11), E, € H(VA;€Q) is the unique solution to the Maxwell equations (1.10)
associated with the boundary condition

(1.12) v A Eylaq = ¢ € THy/*(09)

1w

where
H(VA; Q) ={U € (L*(Q)3|V AU € (L*(Q))%}.

In fact, /~Xp is also known as the admittance map in the literature.
We further introduce the “free-space” admittance map as follows. Let Ey €
H(VA;Q) and Hy € H(VA; Q) be solutions to

VA E() - iw,ugHO =0 in Q,
(113) V AHy+iwegEy =0 in €,
v A Eolag = € THLY*(09).

It is assumed that w is not an EM eigenvalue to the Maxwell equations (1.13), namely,
if p = 0, then one must have Ey = Hy = 0 for (1.13). Hence we have a well-defined
admittance map

(1.14) Ao(1) = v A Holoq : THL?(09) — TH,? (09),

v

where Hy € H(VA;Q) is the unique solution to (1.13). We refer to [33] and [24]
for studies on the well-posedness of the Maxwell equations in the function setting
introduced above.

We are ready to state the main result of this paper.

THEOREM 1.1. Suppose w is not an EM eigenvalue of the free-space Mazwell
equations (1.13). Let A, be the boundary admittance map in (1.11) associated with
(1.10), where the EM parameter tensors are given by (1.5)—(1.9). Let Ao be the free
admittance map in (1.14) associated with (1.13). Then there exists a positive constant
po such that for any p < po,

(1.15) A - < Cp?,

p AO”ﬁ(THsilv”(amTHDf/z<8ﬂ>> =

where C' is a positive constant dependent only on py,w, ag, Bo, Yo and D, 2, but com-
pletely independent of p, €4, [la and &q.
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Before we proceed to prove the result, some general remarks about the significance
of the result are in order.

Theorem 1.1 states that the transformation medium (Q\D;e?, u?,0?) together
with the conducting layer (D\El/g; er, pu, 07) in (1.9) produces an approximate invisi-
bility cloaking device which nearly cloaks an arbitrary target medium (D 2; €4, fla; Ga)
located in the innermost region. Indeed, in the limiting case with p = 0 within spheri-
cal geometry, namely, 2 and D are both Euclidean balls, (1.9) without the conducting
layer yields the perfect invisibility cloaking construction in [15, 37]. That is, A, = Ag
for p = 0, and hence by using the exterior boundary measurements encoded in A,,
one cannot “see” the inside object. However, it is widely known that the construction
employs singular materials, that is, the material tensors €/ and p? in the limiting
case p = 0 possess degenerate singularities (cf. [15]). This presents a great chal-
lenge for both theoretical analysis and practical fabrications. In order to avoid the
singular structure/materials, several regularized constructions have been developed.
In [13, 14, 38|, a truncation of singularities has been introduced. In [22, 23, 29], the
“blow-up-a-point” transformation in [18, 19, 25, 37] has been regularized to become
the “blow-up-a-small-region” transformation. Nevertheless, as pointed out in [21],
the truncation-of-singularity construction and the blow-up-a-small-region construc-
tion are equivalent to each other. Hence, our present study focuses on the blow-up-a-
small-region construction, that is, F}, is used to blow up D, of the relative size p < 1
for constructing the cloaking medium in (1.5). Theorem 1.1 states that our cloaking
construction (1.9) yields an approximate cloaking device within p3-accuracy of the
perfect cloak. Furthermore, an arbitrary content can be nearly cloaked.

Due to its practical importance, the approximate cloaking has recently been ex-
tensively studied. In [1, 23], approximate cloaking schemes were developed for elec-
tric impedance tomography which might be regarded as optics at zero frequency.
In [2, 3, 22, 26, 28, 29], various near-cloaking schemes were presented for scalar waves
governed by the Helmholtz equation. In [30], a similar construction to (1.9) was devel-
oped for the full Maxwell equations. However, the study in [30] was only conducted
for spherical geometry and the uniform cloaked content, that is, both Q and D in
(1.9) were assumed to be Euclidean balls and the medium parameters &,, fi,, and
0, were all constants multiple of the identity matrix. Under these assumptions, the
Fourier—Bessel technique can be used to derive the analytic series expansions of the
EM fields [30]. To our best knowledge, Theorem 1.1 is the first result for nearly cloak-
ing the full Maxwell equations with general geometry and arbitrary cloaked contents.
In order to assess the near-cloaking construction, the study is shown to be reduced to
the boundary effect estimate due to an inhomogeneous EM inclusion with an asymp-
totically small support but an arbitrary content enclosed by a thin conducting layer
with an asymptotically high conductivity tensor. The new structures of our problem
require novel mathematical arguments. Our mathematical analysis uses the general
strategy developed in [28] for nearly cloaking of acoustic waves governed by the scalar
Helmholtz equation. However, new techniques and estimates must be developed to
deal with the general vector Maxwell equations. We point out that incorporating a
damping mechanism by a conducting layer into the near-cloaking construction (1.9)
is necessary for achieving successful near-cloak. In fact, it has been shown in [30]
that no matter how small the regularization parameter p is, there always exist cloak-
busting inclusions. Moreover, the result in [30] for the special case within spherical
geometry and uniform cloaked contents confirms that our estimate in Theorem 1.1 is
sharp. Finally, it is remarked that the estimate in (1.15) is frequency-dependent, and
hence it is a narrow-band estimate. Deriving the broad-band estimate for our near-
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cloaking construction is worthy of further investigation. Also, (1.15) is a boundary
estimate which means the near-field measurement is used in assessing the cloaking
performance. One may also consider assessing the cloaking performance in terms of
the far-field measurement where one should be able to derive estimates in stronger
norms instead of the weak operator-norm estimate in (1.15).

For noninvasive EM detections, a related inverse problem is to extract physical
information of the interior object, namely, €, fi, and ¢ from the knowledge of the
exterior EM measurements encoded into the boundary operator A,. We refer the
reader to [35] and [36] and the references therein for results on uniqueness and stability
of this important inverse problem.

The rest of the paper is organized as follows. In section 2, we present the proof
of Theorem 1.1. Section 3 is devoted to the proof of a key lemma that was needed in
the proof of Theorem 1.1.

2. Proof of the main theorem.

2.1. Proof of Theorem 1.1. We first present a lemma with some key ingredi-
ents of the transformation optics, the proofs of which are available in [30].
LEMMA 2.1. Suppose that E € H(VA;Q) and H € H(VA;Q) are EM fileds

satisfying
VANE—iwwpH =0 in €,
VAH+iw(e+iZ)E=0 i Q,
w

where (e, p,0) is a regular EM medium. Let ' = F(x) : Q@ — Q be a bi-Lipschitz
and orientation-preserving mapping such that F|aq = Identity. Define the pull-back
EM fields by

E =(FYE:=(DF) TEoF,
H = (F ')'H:=(DF) "THoF .

Then, E' € H(N'A\;Q) and H' € H(V'A; Q). In addition the following identities hold:
V'ANE =iwy'H' in Q,

/
V'ANH = —iw <5’+i1> £ in Q,
w

where V' denote the curl operator in the x'-coordinates, and €', i/, and o’ are the
push-forwards of €, i, and o via F, namely,

(Q; e’ 1, 0") = Fu(Qs, 1, 0).

Particularly, if one lets A and A’ denote the admittance maps associated with (E, H)
and (E', H'), respectively, then

A=A

Next, for the EM fields (Ep, H ) in (1.10) associated with the boundary condition
(1.12), we let

(2.1) E,=F*E, and H,=F*H,.
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Then by Lemma 2.1, it is seen that E, € H(VA;Q) and H, € H(VA;Q), which
satisfy the following Maxwell equations:

VANE,—iwpu,H,=0 in Q,
(2.2) VAH, +iw (g,, + z%) E,=0 in Q
v A Bylog = v € THp,/*(99),
where
E(),,LL(),O in Q\Dp,
(2.3) Q€5 1y 0p = { @00, Bop?p0,Y0p 20 in D,\D, s,
€asHMar0a in Dp/2'
Furthermore, by Lemma (2.1),
(2.4) A, =4,

where A, is the admittance map associated with the EM fileds (E,, H,) in (2.2).
Hence, in order to prove Theorem 1.1, it suffices to show the following result.

THEOREM 2.1. Suppose w is not an EM eigenvalue of the free-space Mazwell
equations (1.13). Let (Eo, Hy) € H(VA; Q) ANH(VA;Q) and (E,, H,) € H(VA; Q) A
H(VA;Q) be solutions to (1.13) and (2.2), respectively. Then there exists a positive
constant pg such that for any p < po,

(25) ”V A HP —VA HOHTHSilv/z(aQ) < CpBH’l’/)”THgilv/Q(é)Q)’

where C' is a positive constant dependent only on pgy,w, ag, Bo, Yo and D, Q, but com-
pletely independent of p, €4, lta and o4 and 1.

Remark 1. Qualitatively speaking, Theorem 2.1 states that the boundary EM
effects due to an inhomogeneous EM inclusion supported in a small region D, with
arbitrary contents in D,/, but enclosed by a thin layer of high conducting medium in
Dp\ﬁp /2 is also small. In the literature, there are extensive studies on the scattering
estimates due to small EM scatterers (see [4, 6, 7]), and also the closely related
low-frequency asymptotics of EM scattering (i.e., the Rayleigh approximation; see
[5, 12, 31, 33]). However, the EM inclusions of the aforementioned studies have fixed
contents, and indeed they are either perfectly conducting obstacles or EM mediums
with piecewise constant material parameters. In Theorem 2.1, the small EM inclusion
of our current study has peculiar structures, and the quantitative estimate (2.5) cannot
be adapted from existing results in the literature.

The rest of the paper is devoted to the proof of Theorem 2.1. In order to simplify
the exposition, we set

ap=PFo=7=1

We next derive three key lemmas.
LEMMA 2.2. The solutions of (1.13) and (2.2) satisfy

(2.6) /DP\D i |Eo|* dow < Co’ 1Yl =172 o0y IV A (Ho = Ho)ll =172 90
P

where C' is a positive constant depending only on €.
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Proof. Inner-producting both sides of the second equation in (2.2) by E,, and
integrating by parts, we have

/—iw(sp—kiﬁ) E, E, dazz/(V/\Hp)-Fp doy
0 w Q

2.7) - / H,-(VAE,) do, —/ (wATE,)- H, ds.
Q X9)
= / H, - (—iwp,H,) do, +/ (VAE,) - wAWAH),)| ds,.
Q a0
In (2.7), we have made use of the decomposition that

Hyloa = (Hploa)t + v(Hpylon)w,

where the tangential component (H,|gn): is —v A (v A (Hplon)) and the normal com-
ponent is (H,|sq)y is (v, Hylaq). By taking the real parts of both sides of (2.7), we
have

/ oo, 'Ep do, + 072/ |Ep|2 doy
(2.8) Do e

=R [ (WAE,) [vA(vAH,) ds,.
o9

On the other hand, it is straightforward to verify that

(2.9) 0=R[ (VAEo) [vA(AH)) ds,.
[219)

We shall make use of the following fact that the skew-symmetric bilinear form
B:THY?09) ANTHL/?(09) —  C,

2.10
( ) (j, m) — B(j,m):/mj-(m/\u)ds

defines a nondegenerate duality product on TH];&,/ (09 (cf. [11]). Subtracting (2.9)
from (2.8), one has

/ 0.E, - E, do, +Pi2/ |Ep|2 doy
D,/2 Dp\D, /2

=R E-[UA(V/\(HP—HO))] dsg,
o)

which together with the duality (2.10) yields (2.6). O
In what follows, we let

vANE;(z) (resp., vAH, (x)) on 0D,

denote the tangential component of E, (resp., H,) on 0D, when one approaches 9D,
from the interior of D,. Similarly, we let

V/\E;r(x) (resp., v AH, (z)) on 0D,

denote the tangential component of E, (resp., H,) on 0D, when one approaches D,
from the exterior of D,.
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LEMMA 2.3. The solutions to (1.13) and (2.2) satisfy

(2.11)
_ 2
v A EZ)(p ')||TH*1/2(8D)

—2
14 w?p? (1 + i”—)
w

and hence by the transmission condition across 0D,

2
<Cp? lv A (H, — Hp)

||"/JHTH5i1V/2(aQ) | HTHgilv/z(()Q) ’

(2.12)
2
v AE)(p ')HTH*U?({)D)

—2
14 w?p? (1 + i”—)
w

where C' is a positive constant dependent only on D and §2, but independent of v and
p-

2

< Cp_l HQ/JHTHgfv/z(aQ) HV A (HP - HO)HTHI;ilv/z(aQ) )

Proof. We let E, = (E}, E2, E3). Clearly, it suffices to show that for k =1,2,3,
(2.13)

2
HES(/’ ')HH—1/2(aD)

—2
1+ w?p? (1 + zp—>
w

Our proof begins with the following duality identity:

2
<Cp!

) HV/\ (Hp —HQ)

[¥ll7 51200 lrr=1200) -

E;f(pa:) cp(x) dsg|.

(2.14) HE};(p ')HH—l/Q(aD) = sup o0

1611,/ ey <1
For any ¢ € H'/2(0D), there exists u € H?(D) such that (see Theorem 14.1 in [41])
(i) w=0onaD,
(i) 2% =¢ on oD,
i) ull o) < Clllvzomy,

(IV) u =0 in D1/2.

k . o(x) ds. — kxau(ﬂ")s
(2.15) [ b otw) ds. = | Bbpw) G s

8
Il

SRES
m
!

Set
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Since
Vy ANE,(y ) —iwH,(y) =0,
—2

ory € D,\D, s, it is easily verified that

V. A E(x) =iwpH (),
2

(2.17) Vo A H(z) = —iwp <1 + 2_) E(x), z¢€ D\El/Q.

Then, by (2.15)-(2.17) and Green’s formula, we have

| Ebton)-ota) dse = [ B*@)- Gl ds,
(2.18) = E’“( ) - ZZ( )—Ba—b;k( ) u(z) dsg
/ E*(z (z) — AE*(z) - u(z) do,.
y (2.17), it is straightforward to show that
(2.19) AE(z) + w?p? (1 + 272) E(z) =0, x€ D\Djs.

Therefore, from (2.18) and (2.19), it follows directly that

X (pa) - ¢(x) ds.
oD

(2.20) = / E* . Au—u-AE* do,
D

-2
= [1—|—w2p2 <1—|—zp—>}/ E* . (u+ Au) doy,
w D\Dy 2

[ Bt o) s,

< \1 utp? (1 +z—) \|E|L2 0\5y w6l 2005

and hence

(2.21)

Using the relation

1B 2(0\D1 ) = 1Ep(p Mlz2ovns ) = 07 1Bl L2(D,\D, )
we have from (2.21) that

HE,];(P ')HH*1/2(8D)

2
P
< ‘1 —|—w2p2 (1 —|—ZT) ‘|E|L2(D\D1/2)

2
1+ w?p? (1 + z—)

which together with (2.6) in Lemma 2.2 immediately implies (2.13).

<p3/2

| EpllL2(p,\D, 2)s
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The proof is now completed. d

The next lemma is of crucial importance, and its proof will be given in section 3.

LEMMA 2.4. Suppose w is not an eigenvalue of the free-space Maxwell equations
(1.13). Let Ey € H(VA;Q) and Hy € H(VNA;Q) be the solutions to (1.13). Let
T € Ry and let

¢ € THL?(0D,).
Consider the Mazwell equations
VANE, —iwH, =0 in Q\D,,
VAH, +iwE, =0 in Q\D,,

vAE,=¢ on 0D,
vAE; =1 on 0.

(2.22)

Then there exists a constant 19 € Ry such that for any 7 < 719,

v A (Hr = Ho)llppr-1/2(00)
(2.23) s )
< C (Pl g2 o0y + 7200 Mirm-120m))

where C' is a generic positive constant dependent only on 1o,w and 2, D, but inde-
pendent of T and p, .

It should be emphasized that in the estimate (2.23), the norm for ¢(7 -) is
TH='2(dD) though (7 -) € TH]S&,/Z(BD), and in this sense, the estimate is “non-
standard.”

We are in position to present the proof of Theorem 1.1.

Proof of Theorem 1.1. By taking 7 = p and ¢ = v A E;‘|3Dp in Lemma 2.4, we
have

A (Hp = Ho)l 512 o
< Cu (0* 1l i, (09) + 021 A B )0 V-2 0m)

Next, by Lemma 2.3, we have for k > 0

(2.24)

(v AES) (o )lri-1r20p)

—-1/2 1/2 . 1/2
(2.25) < G s ooy I 1 (Ho = HOMlpy02 0

3/2
_ p K
S Cgp 1/2 <E|w||TH]:—)]];,/2(aQ) + WHU/\ (Hp - HO)|TH]:_)i1v/2(8Q)) .

From (2.24) and (2.25), we further have
(2.26)
3 1 p’
HV A (Hp - HO)HTH&lv/z(aQ) <Cip ||¢HTHI;1V/2(39) + 10102;”¢HTH5‘1V/2(89)
+ 01021€||V A (Hp — HO)”TH];IV/Q(SQ)'
By choosing x such that C1Cok < 1/2, we see immediately from (2.26) that
Hl//\ (HP - HO)”TH];IV/Q(SQ) < Op3||¢HTH5i1V/2(aQ)’

which completes the proof. a
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3. Proof of Lemma 2.4. We present the proof of Lemma 2.4, which is crucial
for the proof of our main theorem.
Set

E.=E.—E,, H.=H,— H,.
It is straightforward to verify that
VAE, —iwH, =0 in O\D,,
VAH, +iwE, =0 in O\D,,
U/\E-,—Z(p—l//\Eo on 0D,
vA ET =0 on 0N).

(3.1)

Obviously, in order to show (2.23), it suffices to show

(3.2) flv A HT||TH];i1V/2(aQ) <C (TBHw”THY;h/]?(aQ) + TZHQO(T ')”TH*l/?(aD)) .

In order to prove (3.2), we let

(3.3) E,=U,—U, and H,=V,-V,,

where (U, V;) € Hipe(VA;R3\ D) A Hioo(VA; R3\ D) are scattering solutions to
VAU, —iwV, =0 in R\D,,
VAV, +iwly =0 in R\D,,

(3.4) vAU, =p—vANEy on 0D,

lim  |z| (VAU (2) A = — iwlU.(z)] = 0,

|z|—+o0 |(E|

and (U,,V,) € H(VA;Q\D,) A H(VA; Q\D;) are solutions to

VAU, —iwVy =0 in O\D,,
VAV, +iwl, =0 in O\D,,
(3.5) _
vANU. =v AU, on 09,
VA [77 =0 on 0D-.

We shall show the following two lemmas, which immediately imply (3.2).
LEMMA 3.1. Let (Ur,V;) € Hioo(VA;R3\ D) A Hiooe(VA;R3\ D) be scattering
solutions to (3.4). Then there exists 1o € Ry such that for any 7 < 79

(36)  WUrllcrony < C (P10llpg-1/2on + 7190 Mra-12om)
and
B IValioroans < C (P 16llgg-1v2o + 10 Viza-120m) )

where C' is a positive constant dependent only on 19,w and ), D, but independent of
T and @, . o

LEMMA 3.2. Let (U, V.)€ H(VA;Q\D,) A H(VA; Q\D,) be solutions to (3.5).
Then there exists 19 € Ry such that for any 7 < 7

(3.8) llv A V”'”TH];IV/Q(&Q) <C (TS||Q/JHTH5‘1V/2(6Q) + 7—2”90(7 ')HTH*1/2(8D)) )
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where C' is a positive constant dependent only on 19,w and 2, D, but independent of
T and @, .

We next present the proof of Lemma 3.1, which may be further divided into the
following two propositions.

PROPOSITION 3.1. Let (Ur1,Vr1) € Hioe(VA;R3\D,) A Hipe(VA;R3\D;) be
solutions to

VAU —iwVr1 =0 in R3\D,,
VA Vﬂr’l + inT,l =0 m RB\ET,
(39) v A U7-71 =VvA EO on 8DT,

lim  |z]|(V A U1)(2) A — — iwlr1(z)| = 0.

|z|—+o0 |(E|

Then there exists 9 € Ry such that for any T <

(3.10) 1= 1llc2022 < CT NN 11200
and
(3.11) IV illc2onns < CTNN =172 (50

where C' is a positive constant dependent only on 19,w and ), D, but independent of
T and @, . - -
PROPOSITION 3.2. Let (Ur2,Vr2) € Hipe(VA;R3\D;) A Hiooe(VA;R3\D) be
solutions to
VAU;2 —iwVye=0 in R3\D,,
VAVio+iwlU;2=0 in R3\D,,
(3.12) vAU;2=¢ on 0D,
lim || |(V A Ur)(z) A —

|| —+o0 |z|

—iwU;2(x)| = 0.

Then there exists 19 € Ry such that for any T < 1

(3.13) 1Ur 2ll(c200))2 < CT2le(r ira-1/20p)
and
(3.14) IVr2llic2a0)ys < CT2le(T Mira-1/200)5

where C' is a positive constant dependent only on 19,w and 2, D, but independent of
T and @, .

Proof of Proposition 3.1. We first note that the solutions Ey and Hy to (1.13) are
smooth inside €2, and also by the local regularity estimate we have

(3.15)  [[Eoll(c1my): < OW”TH];;V/?@Q) and [[Holl (o1 (my)s < OHw”THSfV/Q(aQ)’

where C' is constant depending only on Q, D and w. Since v A Ej is smooth on 0D,
we know both U, and V;; are smooth solutions to (3.9) (see [9, 10]). Introducing
the scaled fields

u-i(x) =Uri(tx), vo1=Voi(rz), x€ R3\D,
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one can easily verify that

VAur1 —i(wr)ve =0 in R3\D,
VAV ti(wr)ur =0 in R3\D,
(3.16) vAu,; =vAe, on 0D,

lim |2 [(VAurd)(@) A — — iwurs(z)| =0,
|z|—+o00 ’ |(E| ?
where e-(z) = Ey(rz) for z € 0D. When 7 — +0, (3.16) is a low frequency EM
scattering problem (as wr — 40) with an incident wave that behaves like the constant
field (Eo(0), Hp(0)). The asymptotic behavior of the low frequency scattering problem
is now well known (cf. [12]), from which one can readily deduce the desired estimates
in (3.10) and (3.11). It is remarked that the above argument is similar to the one
used in deriving Corollary 3.2 in [7].
The proof is completed. O
Proof of Proposition 3.2. We make use of the layer potential technique to show
the lemma. To that end, we let
1 ewlz—yl 1

1
and Go(z,y) := Em, r,y €R3 x#y.

G(xay) = E |$_y|

Furthermore, we introduce the following vector boundary layer potential operators
Mr and M%:

(3.17) (Mra)(z) := 2/F1/(x) AN[Ve A (a(y)G(z,y)] dsy, xeTl
and
(3.18) (Ma)(z) := 2/1“1/(95) AV A (a(y)Go(z,y)] dsy, x €T,

where a is a tangential vector field on I'. We refer to [9, 32, 33, 39] for related mapping
properties of the above introduced operators.
We make use of the following ansatz of the EM fields to (3.12):

(3.19) Ura(z) =V A G(z,y)a(y) ds,, =€ R3*\D,,
oD,
1 w
Vig(x) ==V AUzo(x) = = G(z,y)a(y) dsy
w t JoD,
1 —
(3.20) +— V.G(x,y)Diva(y) ds,, =€ R*\D,,
W 8D,

where a € THgilv/ 2(<9DT). By letting = approach dD; and using the mapping prop-
erties of Mpp, and the jump properties of the vector potential operator Mgp_, one
has

(3.21) a(z) + [Mop,a|(z) = 2¢(x), =€ dD;,.

We claim that there exists 79 € Ry sufficiently small such that when 7 < 79, there

exists a unique a € THS.l/Z(BDT) to (3.21), and, moreover,

v

(3.22) la(m Nru-120p) < Cllo(T NrE-1/2(8D)5
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where C' is a generic constant independent of 7 and ¢. To that end, we let
a(2’) =:a(rz’), 2’ := % € 90D, x€dD;.
By using change of variables,
(3.23) o =x/T and y' =y/7 for x,y € D,
one can show
(Mop,a)(z) = (Map,a)(ra’)

=2 )NV A | Gi(2,y)ay) dsy,
oD

(3.24)

where

1 eimele’~v'| iTw
G- (2" y) = pret Go(z',y') + e 2R (' y).

It is easily verified that the remainder term Z(z’,y’) satisfies
(3.25) % (', y")| = O(la" —y/]), a',y" €0D.

Hence, we have the following splitting:

2v(2’) AV A G-(2',y")a(y’) dsy

oD
=20(x") AV A Go(2',y")a(y’) ds,
5.26) () . o(z’,y"a(y’) ds,
+2r%0(2") A Var A R y)aly') dsy

oD
— (MY,8)(2') + (R&)().

By using the mapping properties of layer potential operators in [33], it is straightfor-
ward to show that

IR&()I7#-1/2(0p) < CT*|A(C) lTH-1/2(0)

(3.27) ,
=Cr7la(r )ra-1/20D),

where C' is a generic constant depending only on D and w. Then, using again the
change of variables in (3.23) to the integral equation (3.21), and the splitting (3.26),
one has by direct calculations that

(3.28) [I + M3, +Rla(z') = 2p(r2’), ' € dD.

Next, we shall show

(3.29) I + M3, is invertible from TH~/2(0D) to TH~'/?(dD),
which together with (3.25) and (3.28) implies that

(3.30) a(a’) = 2[(I + Mjp) ™" + O(r*)](e(r ))(a"),
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thus proving the claim in (3.22). In order to show (3.29), we first note that M3, is
an integral operator of order —1, i.e., it is continuous from TH*(9D) to TH*"(dD)
(see [33, p. 242]). Hence, by the Reisz—Fredholm theory, it is sufficient to show that

(3.31) (I+M3,)b=0, beTH Y?@D)

has only trivial solution, i.e., b = 0. By using the fact that M}, is of degree —1,
we see that the spectrum of M3, is the same in TH~/2(9D) and C(9D). Then by
Theorem 5.4 in [9], one must have b = 0 in (3.31), which readily proves (3.29).

Finally, using (3.22) and the integral representations (3.19) and (3.20), direct
calculations show (3.13) and (3.14).

The proof is completed. O B B

Proof of Lemma 3.2. Since U, is smooth on 02, we know both U, and V,
are strong solutions which belong to (C*(Q\D,) N C%*(Q\D,))? with 0 < a < 1
(see [9, 10]). Hence, in what follows, we shall work within the classic setting. To that
end, we introduce T'(T'), the spaces of all continuous tangential fields a equipped with
the supremum norm, and T%%(T"), the space of all Hlder continuous tangential fields
equipped with the usual Holder norm. We also need to introduce normed spaces of
tangential fields possessing a surface divergence by

Ty(T) :={a e TT)Diva e C(I')}
and
7)) := {a € T"*|Diva € C**(I)}
equipped with the norms
lallz, = l[allec + [Divallec, [lallzo.e := l[allo.a + [[Divalo.a-

We again employ the boundary layer potential operators introduced in (3.17) and
(3.18), and refer to [9] and [10] for mapping and jumping properties in the classical
setting.

Similar to the proof of Proposition 3.2, instead of proving the uniform well-
posedness of the Maxwell equations (3.5), we focus on deriving the desired estimate
(3.8). However, it should be pointed out that the unique existence of strong solutions
to (3.5) for sufficiently small 7 can be directly seen from our subsequent argument.

By the Stratton—Chu formula, we have (see [10, Theorem 6.2])

Vo) = =Van | vl) AVa()Glay) ds,
o)
(3.32) + Ve A /8D v(y) AVa(y)G(x,y) ds,
- ,ivm AV /\/ v(y) AU (y)G(z,y) dsy, r € O\D,.
ww o0

Set
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and

Pi(z) = —iu(x) AV AV A /69 v(y) AU (y)G(z,y) dsy, x € 01,

Py(z) = —iu(x) AVz AV A /69 v(y) NU-(y)G(z,y) dsy, x €0D;.

By letting = approach D}, and using the mapping properties of Myp, and Mpgq,
one has

(I + Magq)ai(z) — (Mop, az)(x)
(I — MaDT)aQ(ZIJ) + (Magal)(a:)

Pi(z), xz€0Q,
x

=2
3.33
(3:33) =2P,(2), =€ dD,.

By using a similar scaling argument to that in the proof of Proposition 3.2, one can
show

(3.34) (Mpp, as)(t2') = (M3 paz)(2') + (Rag)(z'), ' € 0D,
where ay(z') := az(72’) for 2’ € 9D, and

(3.35) IR&zI70.0 o) < C7*[[B2ll70. (o)

By setting Py(z') = Py(ra’) for 2/ € OD, the system of integral equations (3.33) can
be further formulated as

(3.36) (I + Mog)ai(z) — (Mopan)(x) = 2Pi(z), = € 99,

' (I — M3p)ay(z') — (Ray)(z') + (Magay )(tz') = 2Py (2'), 2’ € 9D,

where
(Mypas)(z) = (Map,as)(z), =€ d,

obtained by replacing the variable y in defining Mpp_as (cf. (3.17)) by 7y’ with
y" € 0D. Since the integral kernel for (Mgpas)(x) is smooth when z € 99, it is
straightforwardly shown that

(3.37) IMopaz| 0.0 o0 < CT?|[E2]|70.0 o) -

Similarly, one can see that

(3.38) IMagar (7 )llzoeop) < Clarllzom on.
Define
al 2P1

. = = P= ~
(3.39) a (a2>, <2P2)
and

340 L - y R = s
(340) (L21 L22) (0 R22)
where

Li :== 1+ Mpq, Lot :i=Myq, Los:=1-MJ,
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and
R12 = M, R22 =R.
Then the system of integral equations (3.36) can be written as
(3.41) (L-R)a=P.
Ly, is compact from T5*(9Q) to T9*(@D) and Lgy is compact from T*(D) to
Tg’o‘(aD) (cf. [10, Chapter 6]). Since w is not an EM eigenvalue to (1.13), by the Riesz—
Fredholm theory, Ly; is invertible (cf. [9, Theorem 4.23]), and Los is also invertible

(cf. [9, Theorem 5.4]). Hence, it is straightforward to verify that L is invertible from
TO(09Q) A TY*(8D) to itself, and

:[1_1 = ( :!:‘1_11 1 01 ) .
“Loy LorLyp Ly
Hence, by noting (3.35) and (3.37), we see that for sufficiently small 7,
(3.42) a=(L-R)"'P.

Finally, by using the mapping property of the electric dipole operator (see Theo-
rem 6.17 in [10]), one can show

1P|z a0y < ClIU-ll(c2(00))%:
which together with Proposition 3.2 further implies that
(3.43) 1Ptllggecony < C (70l ppg=1/2 gy + 72000 Mirsr-vvzom) -
Moreover, it is straightforward to verify that
HﬁQHT(?'Q(aD) < C|Ux(c2(00))3
and hence
(3.44) ”P?”T;"’(BD) <C (TBHQ/JHTH[_)ilv/Q(aQ) + 72”90(7 ')HTH—1/2(8D)) .

By combining (3.42), (3.43), and (3.44), one readily has

latllzoony < C (1l pp=12 00 + 710 Vza-1120m) )

which immediately implies (3.8).
The proof of Lemma 3.2 is complete. d
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